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Iterative Lifting Surface Method for Thick Bladed
Hovering Helicopter Rotors

K. Rajarama Shenoy* and Robin B. Grayt
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A prescribed-wake, inviscid, incompressible, lifting-surface method using vortex sheets to define the upper
and lower blade surfaces is developed to predict the pressure distribution on helicopter blades in hover. Starting
with an approximate upper and lower surface vortex sheet strength distribution obtained by using a lifting-
line/blade-element method, the final strength distribution is computed iteratively by applying the Biot-Savart
law. The convergence rate is rapid and reasonably good results can be obtained within three iterations. The
method is used to compute the blade pressure distribution in hover for a single-bladed, teetering model
helicopter rotor with negligible blade coning. The constant-chord, untwisted blade has a body of revolution tip
and is structurally rigid. The results show good agreement with experimental data except very near the blade tip
in the trailing-edge region of the upper surface where the effects of the formation of the tip vortex predominate.
At spanwise stations inboard of the maximum blade bound circulation, the iterative procedure produces only
small changes in the initial two-dimensional blade-element pressure distributions.

Nomenclature

=tip vortex contraction ratio

=number of blades

=nondimensional point of origin of tip vortex

=blade chord

= pressure coefficient, (p —p, )/ V2pQ?y?

=tip vortex axial displacement parameter, y <2w/b

=tip vortex axial displacement parameter, Y >2x/b

= static pressure

= static pressure in undisturbed fluid

=radial coordinate, Fig. 3

=tip radius including half-body of revolution

=vortex sheet element

= total velocity

= effective two-dimensional relative wind at blade
clement

=induced velocity vector

=blade coordinates, Fig. 2

=tip radius excluding half-body of revolution

=axial coordinate of tip vortex, Eqgs. (6) and (7), and
blade coordinate perpendicular to x-y plane, Fig. 2

= vorticity component in spanwise direction

= vorticity component in chordwise direction

=vortex sheet strength

; =vortex sheet strength for two-dimensional flow parallel

to chordline
¥, =vortex sheet strength for two-dimensional flow per-
pendicular to chordline
#  =blade collective pitch angle
0, =effective angle of attack, angle between chordline and
relative wind

f,, =reduced blade collective pitch angle

6; =induced angle of attack of blade element

A =tip vortex contraction parameter

Ay =tip vortex formation model contraction parameter

p  =fluid density
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x  =blade surface slope parameter, [1+ (dz/dx)?] %

Y  =azimuth along tip vortex, Fig. 3

¥ =azimuth at which tip vortex and formation model meet
Yg =azimuth over which tip vortex strength varies

=blade angular velocity

Introduction

OVER performance prediction methods have been based

on momentum theories ' and vortex-wake theories. The
wake models in the vortex theories can be classified as:
1) classical noncontracting wake*®; 2) free wake®®; and
3) prescribed wake.%!? Modern-day helicopters with higher
disk loadings have considerable wake contraction and the
prescribed wake analysis, in which the trailing tip vortex and
inner vortex sheet geometries are determined from ex-
periment, has taken precedence over the ones using the
classical wake. The free wake analysis is computationally
demanding and does not yield the correct tip vortex geometry
but a modification, when used in conjunction with a
prescribed tip vortex geometry, will yield reasonably good
inner sheet geometries. Consequently, the prescribed wake
analysis with a free wake procedure for determining the inner
sheet geometries has been shown to yield improved predic-
tions of hover performance and therefore represents the
current state of the art.

The validity of the prescribed wake analysis with a lifting-
line/blade-element representation for the blade appears to
have been first demonstrated in Ref. 9 and Landgrebe!!
extended this method to cover a wide range of rotor systems.
Kucurek and Tangler'? have used a thin lifting surface
representation for the blade with prescribed tip vortex
geometries, a recirculating wake model, and computed inner
vortex sheet geometries. Although these approaches appear to
be valid over most of the blade, they are not appropriate near
the blade tip. Unlike conventional wings, the tip region of the
helicopter rotor blade is relatively more important since the
largest dynamic pressures occur there. In addition, pressure
measurements >4 on a blade tip show a rearward shift in the
center of pressure with a significant increase in pressure drag.
Thus, more accurate flow prediction methods are necessary
for the tip region.

The problem may be defined and a solution may be found
in terms of either the velocity potential or the application of
the Biot-Savart law to distributed vortex sheets and filaments.
In principle, the two approaches are similar and should yield
comparable results for comparable numerical solution
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techniques in fluid mediums which are incompressible or
compressible (nonlinear or linear with retarded time concepts,
as appropriate). )

An example of the perturbation velocity potential and its
application to horizontal axis windmills is given in Ref. 15
along with several examples for hovering helicopter rotors.
Reference 15 uses the classical Green’s function approach and
formulates the analysis for both finite-thickness and zero-
thickness blades. Blade loading distributions for each for-
mulation using a classical wake are given for a single-bladed
hovering rotor. There are only small differences shown
between the distributions, even very near the blade tip. Thus,
these results indicate that the blade thickness has very little
effect on the load distribution. A comparison between the
results of the zero-thickness formulation method and ex-
perimental results are also presented for a four-bladed
hovering rotor. The comparison shows appreciable dif-
ferences particularly near the tip. This is attributed to the use
of the classical wake instead of the prescribed wake for
determining the inflow distribution. Reference 16 gives a
Green’s function method for the computational aerodynamic
analysis of complex helicopter configurations which includes
thick blades. The computed spanwise loadings are shown to
be appreciably different from those of Ref. 15 for the single-
bladed hovering rotor which may indicate significant, but not
obvious, differences in procedure. Likewise, the comparison
with experiment for the four-bladed hovering rotor is much
better except, again, near the tip because a classical wake was
used in the computations. Neither reference presents chord-
wise pressure distributions so that no data of this kind are
available for comparison with the results of this paper.

For flow problems such as the hovering rotor in which the
vortex sheet and filament geometries cannot be specified in
advance, the Biot-Savart law approach offers a direct ad-
vantage in that the procedure can be set up to iterate on the
velocity field to find a converged vortex geometry which is
consistent with the Helmholtz theorems. On the other hand,
in a similar procedure using the velocity potential, a separate
calculation for the velocity field must be performed in each
iteration, Therefore, since the approach using the Biot-Savart
law offers some advantage and since vortex sheets and
filaments provide a more realistic modeling of physical
boundary layers and wakes, the authors of this paper have
chosen to take this approach.

Although the lifting-line/blade-element/prescribed-wake
analysis .has demonstrated improved hovering performance
predictions, it is incomplete in two important aspects which
have also impeded the development of a completely
theoretical analysis. One of these deficiencies is represented
by the lack of a method for computing the tip vortex geometry
so that this geometry must be determined from observations.
A discussion of this problem and a suggested method for
reducing the number of empirical parameters is given in Ref.
17. A second deficiency is that this simplified model of the
rotor cannot account for the effect of tip shape on per-
formance. It is expected that a thick-blade formulation would
be necessary to include this effect but this, in turn, would
require a modeling of the tip vortex formation and shedding
mechanism. To the authors’ knowledge, a satisfactory model
of this phenomenon has not been developed.

The necessity for defining an accurate tip-vortex geometry
in the near wake has been well documented (for example,
Refs. 18 and 19). Reference 18 also demonstrates that
although different wake modeling procedures can yield nearly
identical integrated thrusts, the spanwise blade angle-of-
attack distribution can be appreciably different. The authors
of that reference contend that the lifting line approach is
adequate for predicting the hover performance of a wide
range of conventional and advanced rotors and question
whether a zero-thickness, lifting-surface analysis!? represents
a justified improvement from a computer cost viewpoint,
They do, however, recognize that a lifting surface
representation of the blade may be required for advanced
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rotors with complex tip designs. On the other hand, the
authors of Ref. 19 contend that their lifting surface theory is
required for more accurate calculation of radial load
distribution and correct calculation of rotor induced torque.
The comparisons of their computed performance with test
data for 19 rotor systems is impressive since the error band is
plus or minus 3%. Since the method of Ref. 18 used a
truncated wake and the method of Ref. 19 uses a recirculation
wake, the predicted blade load distributions are significantly
different. Although the authors of both references disagree as
to the suitability of the others’ approach, they do agree that
additional! work needs to be done.

The data of Ref. 14 indicate that there appear to be two
primary effects that influence the loading in the blade-tip
region. One of these is a three-dimensional tip relief and the
other is due to the formation and growth of the tip vortex as it
sweeps rearward over the upper surface of the blade. The tip
relief effect is most predominant outboard of y/Y=0.94 and
the tip vortex effect is most predominant outboard of
»/Y=0.98 and aft of the 50% chord station. Since a method
had been developed for computing the three-dimensional tip
relief effect on nonlifting wings,?® an investigation was
undertaken to adapt that method to rotor blades and to at-
tempt to separate the tip vortex effect from the other effects
which seemed to be susceptible to reasonably accurate
modeling. In this regard, unpublished flow visualization
studies which were performed on the model rotor of Ref. 14
indicated that the tip vortex maintained its coherent character
for at least eight revolutions and an axial length of one diam.
This may be due to some influence from the test facility but is
certainly characteristic of single-bladed rotors. Therefore, for
the following analysis, the truncated wake of Refs. 9 and 10 is
used rather than the recirculation wake of Ref. 12, ‘

The objective of this paper was to develop a numerical
method for computing the pressure distribution on a hovering
rotor blade, specifically, for comparison with the single-
bladed data of Ref. 14. Emphasis was placed on an accurate
description of the blade and vortex-wake geometries using
proven empirical procedures. No attempt was made to ac-
curately model the tip vortex shedding mechanism. Com-
puting efficiency was a secondary consideration. This work
was exploratory in nature and was undertaken in an attempt
to isolate specific areas in which additional modeling was
needed. Therefore, no effort was directed toward developing
a computer code suitable for routine computations. The
complete development of the method is given in Ref. 21.

Since the investigation was exploratory, no attempt was
made to generalize the analysis to include computational
provision for blades of arbitrary planform and airfoil section
nor for multibladed rotors. Within the present objectives, the
authors did not feel that this was warranted when the in-
vestigation was started. However, it was felt that if the ap-
proach were successful, then it would be appropriate to extend
the analysis to include other blade and rotor geometries and
compressible and viscous effects.

Flow Model

The primary interest of this exploratory investigation is on
three-dimensional blade tip relief and on the effect on the
pressure distribution of the rearward sweep of the tip vortex
over the upper surface of the blade tip. The analytical model
is simplified to include only those essential elements which in
the authors’ opinion are consistent with the test models and
conditions for which data®!%14 are available. Since these data
are for low tip speeds as compared to the speed of sound, the
assumption of an incompressible fluid medium is reasonable.
The assumption of an inviscid fluid medium makes the
problem more tractable from both a programing and a
computer-cost viewpoint. Thus: boundary-layer effects in-
cluding centrifugal pumping are neglected; there is no
mechanism for vortex shedding or vorticity transport other
than in accordance with the Helmholtz vortex theorems; and,
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the computed section lift curve slope, unless adjusted, will be
much too high. The relevant analytical and numerical
relationships?! are based on the Biot-Savart law and the
Helmholtz vortex theorems. The development of these
relationships is relatively straightforward but their number
and length preclude their inclusion in this paper. Therefore,
the following discussion will deal almost entirely with the
description of and the rationale leading to the flow model.

If it is assumed that all of the trailing vorticity shed out-
board of the point of maximum blade bound circulation rolls
up to form the tip vortex, then by the Helmholtz theorems,
the tip vortex strength is equal to the maximum blade bound
circulation. Therefore, a procedure is required not only to
assure that this equality condition is met but to determine a tip
vortex strength which is compatible with the measured tip-
vortex geometry since the state-of-the-art requires that a
prescribed-wake model be used. The problems involved in
satisfying these conditions are discussed in Refs. 8 and 17.

As based on Ref. 17, the method used here begins by
specifying a thrust coefficient and the corresponding blade
collective pitch angle as determined from the test data.!* The
tip-vortex geometric parameters are then obtained from Ref.
9. If an ultimate wake is assumed to exist and its geometry is
determined from an extrapolation of the measured
parameters, a relationship can be derived!” for the tip vortex
strength. However, this relationship is in error because of the
lack of a proper tip-vortex core model and the value computed
thereby is useful only as an initial approximation. This ap-
proximate value of the tip vortex strength and the Biot-Savart
law permit the computation of the induced velocity at the
blade lifting line. In this and the following computations, the
tip vortex is terminated after twelve revolutions.

Using a lifting-line/blade-element approach and the
measured blade collective pitch angle, the value and location
of the maximum blade bound circulation are determined. A
blade-section lift curve slope is required for this computation
and the value selected is that for the two-dimensional airfoil at
the blade section Mach and Reynolds numbers as obtained
from wind-tunnel tests. The tip-vortex strength is then set
equal to the maximum blade bound circulation and the
process is repeated until both values are equal. The advantage
of this procedure is that it yields a consistent prescribed-
wake/lifting-line model; that is, the tip vortex strength is
equal to the maximum blade bound circulation and the
ultimate wake model satisfies the ‘‘free vortex’’ conditions. !’
Assuming the local applicability of two-dimensional airfoil
characteristics, the procedure is restricted by the requirement
that both the thrust and the blade collective pitch angle be
known. The generalization of this step would appear to await
the definition of a more realistic tip-vortex core model.

The next step is to compute the geometry of the trailing
vortex sheet that is shed from the blade inboard of the point
of maximum blade bound circulation. The smoke studies of
Ref. 9 show that the trailing sheet does not roll up in the near
wake, that the intersection of the sheet with any azimuthal
plane is approximately a straight line, and that the inward
extrapolation of this line intersects the axis of rotation at,
approximately, the rotor plane. These observations permit the
definition of a simple, reasonably accurate sheet geometry
which greatly reduces the computational effort. The
procedure described below is based on but is not as extensive
as that of Ref. 8.

Using the prescribed-wake/lifting-line model, the blade
radius is determined at which the local blade bound cir-
culation is computed to be 90% of the maximum value. The
outer edge of the inner sheet is then arbitrarily defined as
leaving the lifting line at a point midway between this radius
and that of the maximum blade bound circulation. Using this
midpoint as a base, an axially symmetric, contracting surface
is constructed which is concentric with and geometrically
similar to the surface along which the tip vortex is prescribed
to move. That is, the ratio of the local radii of the two sur-
faces is the same as that at the blade. The location on this
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constructed surface of the outer edge of the inner sheet is
determined by starting at the previously defined midpoint and
integrating the axial component of the induced velocity
associated with the tip vortex and the lifting line. The in-
tegration is performed in radial planes of 10 deg of azimuthal
spacing during 10 deg steps of blade rotation for 4 blade
revolutions. The points so determined are connected with
straight-line vortex elements which define a continuous
filament whose strength is equal to the change in lifting-line
strength over the spanwise interval.

The entire trailing sheet is replaced by similar finite-
strength filaments of equal strength except for the root
filament which accounts for the remainder. The radial
locations of these filaments are determined in a similar
manner. The axial locations in each radial plane are set by the
ratio of the local radius to the outer-edge radius times the
local axial location of the outer edge. Thus the intersection
points of the inner filaments with each radial plane form
straight lines which are approximately in agreement with the
results of the smoke studies. Iterations on this entire
procedure for the complete wake are performed until con-
verged values are obtained for the trailing sheet geometry and
filament strengths, the lifting line circulation distribution with
radius, and the maximum blade bound circulation which s
also the tip vortex strength. Using these converged values, the
computed thrust agrees within 0.5% of the measured values
of Ref. 14.

Of the flow characteristics now known, the vortex wake
geometry, the maximum blade bound circulation, and the tip
vortex strength are held fixed for the thick-blade analysis that
follows. Fixing the trailing sheet geometry greatly reduces the
computational effort and will probably lead to some error in
the computed pressure distributions on the inboard blade
elements. However, there should be only a very small effect in
the tip regions. The strength distribution of the trailing sheet
is, of course, permitted to vary with blade circulation in
accordance with the Helmholtz theorem for vortex continuity.
The geometry of the analytical model is shown in Fig. 1.

The thick-blade analysis begins by replacing the lifting line
with the blade of the test model. The blade has a body-of-
revolution tip which eliminates surface discontinuity
problems. The NACA 0012 airfoil has a blunt trailing edge so
the upper and lower surfaces are extended and the Kutta
condition is satisfied at their line of intersection. Thus, in this
potential analysis, the chordwise component of velocity
relative to the blade is zero at a small distance aft of the
trailing edge. This artifice eliminates the computational
problems in this area on the physical surface of the airfoil.

A vortex sheet having vorticity components in both the
spanwise direction (« vorticity) and the chordwise direction (3
vorticity) is superimposed on the blade surfaces. The initial

Fig. 1 Schematic diagram of the hovering rotor wake (Ref. 9).
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vorticity distribution of the sheet is obtained by two-
dimensional potential methods as based on Prandtl’s
hypothesis for three-dimensional wings. This hypothesis
states that the section of the finite wing behaves just as though
it were a section of an infinite wing set at an absolute angle of
attack equal to the effective angle of attack. Here, the ef-
fective angle of attack is defined as the angle between the zero
lift line of and the relative wind at the section. Since the in-
duced velocity distribution is known from the lifting line
analysis, the effective angle of attack distribution is computed
and the chordwise distribution of the two-dimensional
spanwise component of the vorticity in the surface sheet is
determined using potential methods to satisfy the boundary
condition of no flow normal to the surface.

This process is simplified by recognizing that the potential
two-dimensional sheet strength can be considered to be
composed of two parts. One part is the nonlifting solution,
v;, obtained for a unit flow parallel to the chordline for
symmetrical sections. The second part is the lifting solution,
7v,, obtained for a unit flow perpendicular to the chordline
and by forcing a stagnation point at the trailing edge. The
advantage of this approach is that the two-dimensional
potential solution for any angle of attack may be easily
computed by superposition as shown in Eq. (1).

As noted before, the potential solution predicts a lift curve
slope which is much too high. For example, the potential-flow
slope for the NACA 0012 airfoil is 6.88/rad whereas the
measured value at the Reynolds number corresponding to the
radius of maximum blade bound circulation is 5.44/rad. The
simplest method for correcting for the Reynolds number
effect is to reduce the strength of the lifting solution by the
ratio of the lift-curve slopes. Thus, at any point on the blade,

0/ Uy =7,COSH, & (5.44/6.88),sind, o))

where 6, is the effective angle of attack as defined and
computed before and the plus sign refers to the upper surface.
This relationship implies a reduction in the flow (effective
freestream velocity) perpendicular to the chordline or, more
consistently, a reduction in the effective angle of attack. For
the vortex-sheet-strength redistribution analysis that follows,
the adjustment is made to the collective pitch angle to find an
equivalent angle,

0., =0, + (5.44/6.88) (0—6;) @

where all of these quantities are determined at the blade radius
for the maximum-blade bound circulation. This simple ad-
justment alters the flow about the leading edge and results in
discrepancies in the pressure distribution in this region.
However, the results of the redistribution analysis that are to
be described show that some compensation of this effect is
provided by the procedure, at least in the tip region. The result
obtained from Eq. (2) is not changed during the redistribution
procedure.

The « vorticity obtained from Eq. (1) varies from point to
point as the local boundary conditions change. Therefore to
maintain vortex sheet strength continuity according to the
Helmholtz theorems, 3 vorticity must be accounted for in the
chordwise direction., For a three-dimensional wing, the
necessary relationship is

da/dy—(1/x)9B/3x=0

since the oncoming freestream is irrotational. However, this
analysis is performed in a blade-fixed reference so that the
oncoming fluid appears to be rotating as a solid body, that is,
appears to be a fluid region of uniform vorticity whose
direction is parallel to the axis of rotation. This *‘freestream’’
vorticity is forced to join with the blade surface vorticity so
that the ‘‘fluid’’ within the blade remains irrotational and at
rest relative to the blade. Thus for the rotating blade, the
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continuity condition is
da/dy— (1/x)0B/0x=—29 ?3)

for all points on the blade surface.

For this analysis, the blade upper and lower surfaces are
divided into curved panels as shown in Fig. 2. On each sur-
face, there are: 19 panels of varying width in the chordwise
direction; 6 panels of equal width in the spanwise direction
inboard of y/Y=0.875; and 6 panels of equal width in the
spanwise direction outboard of this station. The half-body-of-
revolution tip is divided into 6 equal-area lunes (Fig. 2) and 19
chordwise elements which match those of the airfoil section.
Along the edges of these panels, the - and B-vorticity
strengths are assumed to vary linearly and to match the
strengths in the adjacent panels. The a-vorticity strength is
zero at the extended trailing edge. At the trailing edge, the 8-
vorticity filaments become trailing vortex filaments and their
geometry is modified from that obtained for the lifting line as
shown in Fig. 3. The trailing filaments are extended as a sheet
for 10 deg of azimuth aft of the trailing edge of each panel
and then are replaced by a finite strength filament. For the
initial surface vorticity distribution at the tip, the o vorticity
on the upper surface at (x,Y) is extended around the half-
body-of-revolution tip to join with that at the same chord
station on the lower surface. The strength is assumed to vary
linearly over this interval to satisfy continuity.

The formation mechanism of the tip vortex is a complex
phenomenon and there is little information of an ex-
perimental nature available to help define an empirical model.
Although it is recognized that a viscous approach is most
certainly required, several simple models were investigated to
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try to give some insight into the magnitude of the problem. In
each of these cases, the simple formation model is forced to
join with the prescribed tip vortex geometry at azimuth, ,,,
which is variable (Fig. 3).

One mode! that was tried without success was obtained by
assuming that the tip vortex rolled-up off the blade trailing
edge. The model was simplified by assuming that the g
vorticity was shed from the blade at its trailing edge and
passed along straight paths to join the tip vortex at y,,. The
difficulty here was that convergence was not realized for the 8
distribution near the trailing edge.

Other models giving better results were based on the
pressure distributions of Ref. 14, from which an approximate
radial displacement of the tip vortex geometry could be
deduced but no information on the axial displacement could
be obtained. Thus, the tip vortex geometry is assumed to be
given by:

r/IRA=1+ (B/A—1)exp(\y¥)  0syY=<yy, €]
Yy &)

0=<y=<2n/b ©6)

r/RA=1+ (1/A—1)exp(\)
2/RA=(1/A)k,¥

Z/RA= (2n/AbYk,; + (1/A) Kk, (y—27/b) v=2n/b (7)

where B and \,, are determined by trial and error to ap-
proximately match the path of the tip vortex over the upper
surface as indicated by the data of Ref. 14 and to join with the
prescribed geometry at ,, as shown in Fig. 3. No attempt was
made to join the two segments by matching the curvatures at
¥ since this is not necessary for the numerical procedure.

The tip vortex strength is assumed to grow linearly from its
assumed point of origin, (1.0082 R, 0 deg, 0), to the azimuth,
¥s. An attempt was made to satisfy vortex continuity by
joining this segment to the blade surface with geometrically
simple sheets of vorticity but the several cases tried did not
improve the results. Therefore, this condition is not satisfied
for the final flow model. Two values of y, 5 and 10 deg, and
two values of ¥,,, 15 and 20 deg, were investigated. The
results showed that ¢ = 10 deg (trailing edge, approximately)
and ¢, =15 deg produced better overall pressure
distributions.

At this point in the procedure, the complete wake geometry
is specified and an initial o- and g-vorticity strength
distribution has been determined. The vorticity redistribution
procedure begins by using the Biot-Savart law to compute the
total tangential velocity vector at the selected control points
on the blade surface. The control points are at the geometric
center of the panels. The Biot-Savart integral is evaluated at
each control point with the integration proceeding over all of
the vorticity in the field except for that surface element, AS,
surrounding the control point. If AS is assumed to be planar,
then the vortex sheet represented by this element cannot in-
duce velocities tangential to itself at points in the element.
Since the control point is a point in AS, the tangential velocity
vector at the control point represents the transport velocity of
AS as it is constrained to move along the blade surface. The
vorticity vector is therefore in the plane of AS and per-
pendicular to the tangential velocity vector. Since the ““fluid”’
within the blade surface must be at rest relative to the surface,
the magnitude of the tangential velocity vector is one-half the
strength of the vorticity in AS. Hence,

yz‘YAS=vs+vtv+vvs+(nxr)t (8)

where the terms on the right-hand side are tangential com-
ponents of velocity due to, respectively: the blade surface
vorticity distribution, the tip vortex, the trailing vortex sheet,
and the blade rotation. The flow velocity magnitude exterior
and immediately adjacent to the surface sheet is

U=y,s &)
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A more complete discussion of the modeling of solid bodies
by the use of vortex sheets in potential flow is given in Ref. 22.

The procedure is continued until an acceptable converged
solution is obtained. Fairly good convergence is reached in
three iterations although some areas of the blade require five
iterations. A complete derivation of the relationships and
description of the numerical procedure is given in Ref. 21.
After a converged solution is obtained, the pressure
distribution on the blade surface is computed by using the
following equation which was obtained by integrating the
momentum equation in the blade-fixed system:

P—Do =YpQ%{ [(x—0.25)cos0+zsinf] 2 +y? } — VopU? (10)

Numerical Results

The numerical analysis was developed specifically for
making comparisons with the single-bladed, teetering model
helicopter rotor data of Ref. 14. In operation, the blade
coning angle was only a few tenths of a degree and this effect
is neglected. The blade is untwisted with a constant-chord
planform and a half-body of revolution tip and has an NACA
0012 airfoil section, a chord length of 12.7 cm, a tip radius, Y,
of 61.0 cm, and a root radius of 15.2 cm.

Reference 21 presents chordwise pressure coefficient
distributions for blade collective pitch angles of 0, 6.18, and
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11.4 deg at 13 blade stations on the upper and lower surfaces
and along 5 longitudes of the half-body of revolution tip. The
pressure coefficients are obtained by dividing Eq. (10) by the
dynamic pressure based on blade angular velocity and the
section coordinate, y. Distributions of «- and B-vorticity
strengths are also presented.

Typical computed pressure coefficient distributions are
compared with experimental data in Figs. 4-9 for these same
blade pitch angles and for blade stations at (Y —y)/c of 0.288
and 0.043 or y/Y of 0.94 and 0.991, respectively. The com-
parison at the two stations for a blade pitch angle of 0 deg is
shown in Figs. 4 and 5. The agreement over the entire surface
area where data is available!* is within experimental error.
This is the nonlifting case so that there is no net trailing
vorticity. The agreement is very good and it is concluded that
the redistribution procedure adequately accounts for the tip-
relief effect, at least in this case. Considering the very good
agreement with this potential analysis, it would appear that
the centrifugal pumping effect may be compensating for the
chordwise boundary-layer growth effect.

The comparisons at the two stations for a blade pitch angle
of 6.18 deg are shown in Figs. 6 and 7. At y/Y=0.94, the
potential results predict a larger normal force coefficient than
that obtained from an integration of the measured
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Fig. 8 Pressure coefficient distribution: §=11.4 deg, y/Y=0.94,
(Y-y)/c=0.288.
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Fig. 9 Pressure coefficient distribution: §=11.4 deg, y/Y=0.991,
(Y—-y)/c=0.043.

distribution. Since the tip-relief and tip-vortex effects are
probably small at this station and considering the good
agreement for the nonlifting case, the differences shown may
be due to the simple manner, Eq. (2), by which Reynolds
number effect was taken into account. At y/Y=0.991, the
potential results agree with the measured distribution within
experimental error over most of the chord length and in-
dicates an adequate accounting for the tip-relief effect. The
tip-vortex effect, though small at this station, is beginning to
be observable near the trailing edge on the upper surface.

The comparisons at the two stations for a blade pitch angle
of 11.4 deg are shown in Figs. 8 and 9. At y/Y=0.94, the
comparison is very similar to that for a blade-pitch angle of
6.18 deg. The magnitudes and locations of the positive and
negative peaks near the leading edge are predicted reasonably
well. At y/Y=0.991, the potential results compare within
experimental error on the lower surface ahead of the 91%
chord and on the upper surface ahead of the 65% chord
stations. Aft of the 65% chord station, the effect of the
rearward sweep of the tip vortex over the upper surface
becomes very strong and the analytical and experimental
agreement is poor. This disagreement is attributed to the lack
of an appropriate model for the formation and growth of the
tip vortex. An investigation is continuing in this problem area.
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distribution with that of the final iteration: § = 11.4 deg, y/ Y =0.875.
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Fig. 11 Comparison of initial two-dimensional pressure coefficient
distribution with that of the final iteration: § = 11.4 deg, y/ Y =0.98.

Figures 10 and 11 show the effect of the vorticity-
redistribution procedure on the initial two-dimensional
pressure coefficient distributions. Figure 10 is for y/ Y =0.875
and is typical for the stations inboard of that for the
maximum blade bound circulation. The redistribution
procedure reduces the normal force coefficient slightly and
produces rather small changes in the pressure coefficient
distribution. Figure 11 is for y/ Y =0.98 and the redistribution
procedure significantly changes the initial two-dimensional
distribution for those stations outboard of that for the
maximum blade bound circulation.

Since the redistribution procedure iterates on the velocity
component tangential to the blade surface, it is of interest to
investigate how well the converged solution satisfies the
boundary condition of no flow normal to the surface. For a
blade pitch angle of 0 deg, the component of velocity normal
to the blade surface is computed to be less than 1% of the
local-blade velocity over approximately 95% of the blade
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area. It is greater than 1% near the leading and trailing edges
but is not greater than 2% anywhere. On the half-body of
revolution tip, the component is not greater than 7% of the tip
speed with values this large only near the leading edge.

For a blade pitch angle of 6.18 deg, the component of
velocity normal to the blade surface is computed to be less
than 1% of the local blade velocity over approximately 50%
of the blade area and less than 2% over approximately 90% of
the blade area. Very near the blade tip, the value is as high as
6% near the leading edge and 13% near the trailing edge. On
the half-body of revolution tip, the component is not greater
than 13% of the tip speed with values this large only near the
leading edge.

For a blade pitch angle of 11.4 deg the normal component is
computed to be less than 1% of the local-blade velocity over
approximately 20% of the blade area, less than 2% over
approximately 60% of the blade area, and less than 3% over
approximately 90% of the blade area. The value is ap-
proximately 6% very near the leading and trailing edges
except at the tip where it is approximately 9%. On the half-
body of revolution tip, the component is not greater than 15%
of the tip speed with values this large only near the leading
edge. The larger values of the normal component very near
the tip are attributed to the simple modeling technique used
for the tip-vortex formation.

On the CDC 6400 computer, the computational time was
6.5 min per iteration with 228 curved panels in the inboard
region, 228 curved panels in the outboard region, and 114
curved panels on the half-body of revolution tip. If the
geometric coefficients are stored, it is estimated that this time
can be reduced to approximately 1.5 min per iteration. The
time required to compute the initial two-dimensional surface
vorticity distribution was 7 min. Further savings in time can
be achieved by optimizing the codes.

Conclusions

The results of applying the inviscid, incompressible vor-
ticity redistribution procedure described herein to a single-
bladed hovering model rotor show the following:

1) For the nonlifting case with no net trailed vorticity, the
computed pressure coefficient distribution in the tip region
agrees with the measured data within experimental error over
the chord length for which data are available. This agreement
suggests that the neglected viscous terms generally cancel in
the tip region and that the potential approach is valid in this
case for investigating three-dimensional relief effects at the tip
of blades having half-body of revolution tips.

2) For the lifting cases with trailed vortex sheets and strong
tip vortices, the computed pressure distributions in the tip
region predict the location and magnitude of the maximum
and minimum pressure peaks near the leading edge to a
reasonably good degree. These results suggest that the
procedure accounts for the three-dimensional tip relief
reasonably well in these cases.

3) For the lifting cases, the agreement between computed
and measured-pressure distributions is generally good over
the upper and lower surface in the tip region. However, very
near the tip on the upper surface area which is strongly af-
fected by the tip vortex, the agreement is poor. This
disagreement is attributed to the lack of a proper model for
the formation, growth, and rearward sweep of the tip vortex.
Additional studies directed at improving this aspect of the
flow model are needed.

4) Inboard of the radius of maximum bound circulation,
the procedure produces rather small changes in the initial two-
dimensional pressure distribution. Qutboard of this radius,
the changes are significant.
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